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Abstract
In this paper local elastic and geometric stiffness matrices of a 
shell finite element are presented and discussed. The shell finite 
element is a rectangular plane element, specifically designed 
for the so-called constrained finite element method. One of the 
most notable features of the proposed shell finite element is 
that two perpendicular (in-plane) directions are distinguished, 
which is resulted in an unusual combination of otherwise clas-
sic shape functions. An important speciality of the derived stiff-
ness matrices is that various options are considered, which 
allows the user to decide how to consider the through-thickness 
stress-strain distributions, as well as which second-order strain 
terms to consider from the Green-Lagrange strain matrix. The 
derivations of the stiffness matrices are briefly summarized 
then numerical examples are provided. The numerical exam-
ples illustrate the effect of the various options, as well as they 
are used to prove the correctness of the proposed shell element 
and of the completed derivations. 
Keywords:
constrained Finite Element Method, elastic and geometric 
stiffness matrices
1 Introduction
Thin-walled structural members, e.g., cold-formed steel 
members, have complicated behaviour. If subjected to com-
pressive stresses, it is the stability behaviour which is most 
likely governing. Instability might occur in various forms, these 
forms are typically classified as global buckling (e.g., flexural 
buckling of a column or lateral-torsional buckling of a beam), 
distortional buckling and local buckling (e.g., local plate buck-
ling of a compressed plate, or shear buckling of a plate in shear, 
or web crippling of a transversally loaded web of a plate girder, 
etc.). In practical situations these buckling classes rarely appear 
in isolation, but in combination with one another.
The classification into global (G), distortional (D), local (L) 
and other (O) modes is used in capacity prediction, too, and 
appears either implicitly or explicitly in current design stand-
ards for cold-formed steel, see [1,2]. Though the knowledge of 
pure buckling modes and the values of the associated critical 
loads are essential in the design of thin-walled members, still 
there are practical cases when decomposition of the behaviour 
into the mode spaces (e.g., pure G, pure D, or pure L modes) 
has not been possible. Till lately there have been two available 
methods with general modal decomposition features: the gen-
eralized beam theory (GBT), see e.g. [3–5], and the constrained 
finite strip method (cFSM), see e.g. [6–11]. Though both meth-
ods can handle important practical cases, both have limitations, 
for example members with cross-section changes or members 
with holes are not covered at all. 
Very recently a novel method is proposed. The proposed 
method follows the logic of cFSM, however, discretization is 
used in both the transverse and longitudinal direction, that is 
finite elements are used instead of finite strips, therefore, the 
new method can be described as constrained finite element 
method (cFEM). 
cFEM uses a novel shell finite element, specifically designed 
for the method. The new element keeps the transverse interpo-
lation functions of finite strips as in [6–11], however, the lon-
gitudinal interpolation functions are changed from trigonomet-
ric functions (or function series) to classic polynomials. It is 
found, however, that the polynomial longitudinal interpolation 
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functions must be specially selected in order to be able to per-
form modal decomposition similarly as in cFSM. This requires 
an unusual combination of otherwise well-known shape func-
tions. The proposed interpolation functions and their derivation 
can be found in detail in [12]. 
The cFEM has first been applied in [13–15]. Since cFEM 
method is using shell finite elements, various engineering 
problems can be solved. If the modal features are to be uti-
lized, a highly regular mesh is necessary. This required regu-
larity of the mesh means a practical limitation, but otherwise 
the method is general: first- and second-order static analysis as 
well as dynamic analyses can be performed, for arbitrary load-
ing and boundary conditions. Holes can easily be handled, too, 
once they fit into the regular mesh. 
In this paper the local stiffness matrices (e.g., elastic and 
geometric stiffness matrices) of the proposed shell element are 
discussed. Since the finite element is rectangular, the matrices 
can be derived analytically. Previous studies highlighted the 
importance of some details of the derivations. As shown e.g. in 
[16], three factors must carefully be considered: (a) whether the 
through-thickness stress-strain variation is considered or disre-
garded in deriving the elastic stiffness matrix, (b) whether the 
through-thickness stress-strain variation is considered or disre-
garded in deriving the geometric stiffness matrix, and (c) which 
second-order strain terms are considered in the derivation of the 
geometric stiffness matrix. As previous studies showed [16–18], 
various analytical and numerical methods apply various options, 
therefore it is useful to have the stiffness matrices in various 
options which makes the here discussed cFEM directly com-
parable to many other methods. Moreover, numerical results of 
cFEM suggests that ability to select the various second-order 
strain terms in arbitrary combinations leads to a deeper under-
standing of the behaviour as well as makes it possible to fine-
tune the (buckling) analysis of thin-walled members. Therefore, 
the aim of this paper is to present the derivation of the local 
elastic and geometric stiffness matrices in various options, then 
illustrate the applicability of the proposed shell elements. The 
numerical examples, first, prove the correctness of the proposed 
shell element and that of the completed derivations. Moreover, 
the examples illustrate the – sometimes significant – effect of 
the various options. 
2 Derivation of the stiffness matrices
2.1 General
Since the proposed cFEM is evolved from cFSM, the new 
shell element inherits the transverse interpolation functions 
from FSM, while the longitudinal interpolation functions are 
changed from trigonometric functions to polynomials. How-
ever, in order to be able to exactly satisfy the constraining cri-
teria for mode decomposition, the new polynomial longitudi-
nal shape functions must have some important characteristics. 
These key features are as follows: (i) the transverse in-plane 
displacements must be interpolated by using the same shape 
functions as used for the out-of-plane displacements, (ii) the 
longitudinal base function for u (x, y) must be the first deriva-
tive of the longitudinal base function for v (x, y) . For the basic 
notations see Fig. 1. Moreover, it is desirable to provide C(1) 
continuous interpolation for the out-of-plane displacements 
(which is useful for defining various practical end restraints).
Thus, the distinction of longitudinal and transverse direc-
tions is essential. Though unusual in shell finite elements, the 
element proposed for cFEM distinguishes the two perpendicu-
lar directions, as given by Fig. 1. Finally, the proposed element 
has 30 DOF: 6 for u, 8 for v and 16 for w. Each corner node 
has 7 DOF (1 for u , 2 for v , and 4 for w ), while there are two 
additional nodes at (x, y) = (a / 2, 0) and (x, y) = (a / 2, b) with 
one DOF per node for the u  displacement. The DOF and shape 
functions are illustrated in Fig. 2.
The derivations of the stiffness matrices follow the typical 
steps. However, various options are considered, as follows. 
Both the elastic and geometric stiffness matrices are derived 
with assuming linear or constant (i.e., approximate) stress-
strain variation through the thickness of the element. Moreo-
ver, since in cFEM all the possible in-plane stresses/strains are 
reasonable to consider (i.e., longitudinal and transverse nor-
mal stress/strain and shear stress/strain), there are altogether 
3×3 second-order strain terms, in accordance with the 2D 
Green-Lagrange strain matrix; the geometric stiffness matrix 
is derived so that any of the 9 second-order strain terms can be 
considered or disregarded. 
2.2 Overview of the derivations
The vector of general displacement field, u , is approximated 
with the matrix of shape functions, N, and the vector of the 
nodal displacements, d, as: 
The matrix of shape functions can be written in the follow-
ing form: 
where the shape functions for approximation of in-plane dis-
placements are N
u
, N
v 
 and N
ϑz
, while for approximation of out-
of-plane displacement is Nw , Nϑx , Nϑy  and Nϑxy , as: 
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Fig. 1 FEM discretization, coordinates, basic notations
(b) out-of-plane displacements 
Fig. 2 Nodal DOF of the proposed shell finite element
(a) in-plane displacements
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In Eqs. (3) to (9) linear, second and third order functions are 
used for the interpolation. In Eqs. (10) and (11) the second and 
third order functions are shown for x direction, while in Eqs. 
(12) and (13) the linear and third order functions are shown for 
y direction interpolation. The bracketed numbers in the super-
script means the order of the functions. 
The vector of the nodal displacements can be written in the 
following form: 
where the sub-vectors contain separately the different 
degrees of freedoms for the nodes, as: 
The strain vector, , can be expressed by an operator matrix, 
L, and the vector of nodal displacement field, u (see Eq. (1)), as: 
where the operator matrix is: 
The stress vector, σ, can be expressed with the material 
matrix, E, and the strain vector, , as: 
where the material matrix, assuming linear elastic ortho-
tropic material, is: 
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Since the method is intended to be applicable for geometri-
cally nonlinear analysis (e.g., linear buckling analysis), nonlin-
ear strains must be considered. This is completed here by using 
the second-order terms of Green-Lagrange strains, as: 
which can be expressed with the matrix of shape functions 
and the vector of the nodal displacements using Eqs. (2) and 
(14), as: 
The total potential energy, Ð, can be calculated from the 
internal and the external potential (i.e., the negative of the 
work), as: 
The internal potential energy, Ð, can be expressed using 
Eqs. (22) and (24), as: 
The external potential can be written as follows, using Eqs. 
(29)–(31), as: 
where the σx,0, σy,0  and τxy,0  functions are the initial stress 
functions calculated from the results (nodal displacements, d
0
) 
of a previous linear or nonlinear static analysis, as: 
In Eq. (33) the elastic stiffness matrix, while in Eq. (34) the 
geometric stiffness matrix appears, both can be derived in the 
following definite integral form, which result 30-by-30 matrices: 
2.3 The elastic stiffness matrix
The elastic stiffness matrix appears in the calculation of 
internal potential energy (see Eq. (33)). Though the steps 
shown in Section 2 are always valid, simplifications in the for-
mulae are possible and sometimes applied, namely in perform-
ing the integration to calculate the elastic stiffness matrix (see 
Eq. (36)). Two options are used in the practice: the variation 
of strains and stresses through the thickness can be considered 
or disregarded, which latter case corresponds to neglecting the 
bending energy. It also means that the elastic stiffness matrix 
has two different versions, one is the (0)ek  matrix (see Eq. (38)) 
when trough-thickness stress-strain variation is neglected, the 
other is the (1)ek  matrix (see Eq. (39)), when through-thickness 
stress-strain variation is considered. (Note, in case of the for-
mula in Eq. (38) B should be considered with its mean value, 
i.e. with substituting z = 0.) 
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The substitution and subsequent integration leads to closed-
formed solutions for the 30-by-30 matrices. The elements of 
the matrices are really large, therefore the exact matrices are 
not shown in the paper, only the non-zero and zero sub-matri-
ces. In the following equations 0 denotes zero matrices with the 
necessary sizes. If the through-thickness stress-strain variation 
is neglected, the elastic stiffness matrix is the following: 
where the one non-zero (0)11ek ,  term is a 14-by-14 matrix. The 
(0)
ek  matrix corresponds to that finite element, which has only 
membrane stiffness, but does not have bending stiffness. 
If the through-thickness stress-strain variation is considered, 
the elastic stiffness matrix can be calculated from (0)ek  with an 
additional matrix, ∆ ke
( )1 , as: 
where the additional matrix is 
in which the one non-zero ∆ke,22
1( )  term is a 16-by-16 matrix. 
The ∆ ke
( )1  matrix corresponds to that finite element, which has 
only bending stiffness, but does not have membrane stiffness, 
while the (1)ek matrix corresponds to that case, when the finite 
element has both membrane and bending stiffness. 
2.4 The geometric stiffness matrix
The geometric stiffness matrix appears in the calculation of 
the external potential energy (see Eq. (34)). As it is mentioned 
in Section 3, simplifications in the formulae can be applied, 
which statement is valid also in case of geometric stiffness 
matrix (see Eq. (37)). Simplification is possible at two steps, 
namely: (i) in performing the integration in geometric stiffness 
matrix, and (ii) in the definition of second-order strains. 
In performing the integration, also two options are used in 
the practice: the through thickness integration can be neglected 
or considered. The first case is widely used especially for thin-
walled members, where the effect of the variation through the 
thickness is negligible (see Eq. (43)), while the second one is 
the mathematically precise one (see Eq. (44)). (In case of the 
formula in Eq. (43), all functions should be considered with 
their mean values, i.e. with substituting z = 0.) 
If the through thickness integration is neglected, the kg(0) 
matrix can be written in the following separated form: 
where (0)g xk , , 
(0)
g yk ,  and 
(0)
g xyk ,  represent the three partial matri-
ces calculated from second-order strain terms IIx , 
II
y  and 
II
xyγ  
(see Eqs. (26), (27), (28) and (34)). Furthermore, as the three 
second-order strain terms can be separated (e.g. in case of IIx  
to (∂u / ∂x)2, (∂v / ∂x)2 , and (∂w / ∂x)2  terms), the partial matri-
ces can be separated as well in the following forms: 
In case of the geometric stiffness matrix the substitution and 
subsequent integration also leads to closed-formed solutions 
for the 30-by-30 matrices. Without real through-thickness inte-
gration, i.e., by using Eq. (43), it leads to (0)gk  as follows: 
where 
where (0)11gk ,  is a 6-by-6, 
(0)
22gk ,  is an 8-by-8, and 
(0)
33gk ,  is a 
16-by-16 matrix, and the subscript of the matrices correspond 
to the displacement derivative, e.g., the matrix with the ux sub-
script comes from the (∂u / ∂x)2  term of the Green-Lagrange 
matrix, etc. 
As mentioned, the matrix elements can be expressed analyti-
cally, by long mathematical expressions. For example, the (1,1) 
element of (0)gk  is expressed by: 
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If through thickness integration is considered as in Eq. (44), 
the geometric stiffness matrix can be calculated from 
(0)
gk  
with additional matrices, as: 
where ∆kg x,
( )1 , ∆kg y,
( )1  and ∆kg xy,
( )1  represent also the three 
partial additional matrices calculated from second-order strain 
terms IIx , 
II
y  and 
II
xyγ . The partial matrices can be separated 
as well in the following forms: 
If the through-thickness integration is performed as in Eq. 
(44), (1)gk  also can be expressed as: 
The additional stiffness matrix takes the form as: 
where 
where ∆kg ,13
1( )  is a 6-by-16, ∆kg ,23
1( )  is an 8-by-16, and ∆kg ,33
1( )  
is a 16-by-16 matrix, and the subscript of the matrices corre-
spond to the displacement derivative. 
2.5 Stiffness matrices of a member
The global stiffness matrices of a member consists of mul-
tiple elements can be assembled using ke and kg . The matrices 
must be transformed from local to global coordinate system, 
then the global elastic and geometric stiffness matrices,  Ke and 
Kg , can be compiled. Transformation of the stiffness matrices 
of element j follows from: 
and 
where Γ(j) is the 2D rotation matrix. The global stiffness 
matrices may be assembled as an appropriate summation of the 
local stiffness matrices for all the s elements: 
and 
3 Numerical studies
3.1 Verifications
First some examples are solved by both the newly proposed 
cFEM analyses and ANSYS shell FEM analyses [19]. Criti-
cal load and buckled shapes are calculated and compared. Two 
lipped channel sections are considered, with 200 mm depth, 40 
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or 100 mm wide flanges, 20 mm lip length and 2 mm of thick-
ness. The member length is 1000 mm. The material is steel like 
isotropic material, but considered in two versions, one with E 
= 200GPa, v = 0.3, (therefore G = 76.923GPa), the other one 
with E = 200GPa and v = 0.0 (therefore G = 100GPa ). In 
all the cases the member is supported at the end sections in a 
locally and globally hinged manner. 
Three types of loading are considered. In case of „compres-
sion” the member is in pure compression due to two opposite 
concentric axial forces (acting as uniformly distributed over 
the end sections). In case of “UDL” there is a uniformly dis-
tributed transverse loading acting at the junction of the web and 
one or both of the flanges. In case of “shear” there are forces 
acting along the edges of the web panel so that they produce 
(practically) pure shear stresses in the whole web. 
In all these examples critical loads are calculated the mem-
ber being either unconstrained when “all mode” is considered, 
or constrained to global modes („pure G”) or to global plus 
shear mode („G+S”). In case of cFEM the constraining is real-
ized by introducing the mechanical criteria (that lead to con-
straint matrices), essentially identically as in cFSM [6–18]. In 
case of ANSYS shell FE analysis the constraints are realized by 
rigid diaphragms, as discussed e.g. in [18]. 
Some buckled shapes are shown in Figs. 3-8. and the calcu-
lated critical loads (first modes, i.e., lowest critical values) are 
summarized in Table 1.
Fig. 3 C200-40-20-2, 1000 mm, E = 200GPa , v = 0.3 , UDL on bottom, all 
mode
Table 1 Critical loads for the different cases in cFEM and ANSYS FEM
Section Loading Modes cFEM ANSYS  
C200-40-20-2 0.3 UDL on top all 69.6734 70.1583  
C200-40-20-2 0.3 UDL on top & bottom all 93.3895 93.1812  
C200-40-20-2 0.3 UDL on bottom all 99.8601 99.6041  
C200-100-20-2 0.3 UDL on top all 88.3214 88.5718  
C200-100-20-2 0.3 UDL on top & bottom all 108.4916 108.485  
C200-100-20-2 0.3 UDL on bottom all 118.9608 118.928  
C200-40-20-2 0.3 shear all 29.8280 29.7643  
C200-100-20-2 0.3 shear all 33.1738 33.2009  
C200-40-20-2 0.3 compression pure G 74.8342 72.938  
C200-40-20-2 0.0 compression pure G 294.4093 293.91  
C200-100-20-2 0.3 compression pure G 461.2501 –  
C200-100-20-2 0.3 compression G+S 438.5351 436.287  
C200-100-20-2 0.0 compression pure G 1307.428 –  
C200-100-20-2 0.0 compression G+S 1263.210 1255.83  
cFEM: Fcr = 99.8601 kN
ANSYS: Fcr = 99.6041 kN
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Fig. 4 C200-100-20-2, 1000 mm, E = 200GPa , v = 0.3, UDL on top, all mode
Fig. 5 C200-100-20-2, 1000 mm, E = 200GPa , v = 0.3 , UDL on top and bot-
tom, all mode
Fig. 6 C200-100-20-2, 1000 mm, E = 200GPa , v = 0.3 , shear, all mode
Fig. 7 C200-40-20-2, 1000 mm, E = 200GPa , v = 0.3 , compression, pure G
cFEM: Fcr = 88.3214 kN
ANSYS: Fcr = 88:5718 kN
cFEM: Fcr = 108.4916 kN
ANSYS: Fcr = 108.485 kN
ANSYS: Fcr = 88.5718 kN
cFEM: Fcr = 33.1738 kN
ANSYS: Fcr= 33.2009 kN
cFEM: Fcr = 74.8342 kN
ANSYS: Fcr = 72.938 kN
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Fig. 8 C200-100-20-2, 1000 mm, E = 200GPa , v = 0.3 , compression, pure G
It can be concluded that the proposed new shell finite 
element leads to results practically identical to those from 
ANSYS shell FEM analysis in regular unconstrained cases. 
General constraints cannot be implemented in ANSYS, still, 
the mechanical criteria of global modes can reasonably well 
imitated by the application of rigid diaphragms, and once these 
diaphragms are used, the critical values of ANSYS coincide 
well with those from cFEM. It is also to observe, however, that 
the diaphragms themselves do not prevent the in-plane shear 
deformations, therefore, shear modes must also be considered 
in cFEM in order to achieve good coincidence in between 
ANSYS and cFEM. 
3.2 Demonstration of the effect of longitudinal strain 
term
First the effect of longitudinal second-order strain term 
(∂u / ∂x)2 is demonstrated. The effect of this term on the global 
buckling of columns is discussed e.g. in [17, 18] in the context 
of finite strip method as well as analytical solutions. Moreo-
ver, the effect of this term is discussed in [20] with consider-
ing in-plane shear deformations. As already demonstrated, if 
this term is disregarded, the critical force tend to infinity as 
the member length approaches zero (like in Euler formula for 
flexural buckling), while if this term is considered, the critical 
force tends to a finite value. This finite critical stress value is 
dependent on some other options, but it is close to the Young’s 
modulus, if shear deformations are not considered. 
In Tab. 2 major-axis flexural buckling critical stresses are 
summarized calculated for the 40-mm-wide lipped channel sec-
tion (defined in Section 3.1) in pure compression with v = 0.0. 
The critical forces are calculated for various member lengths 
and in 4 options depending on whether the longitudinal strain 
term (∂u / ∂x)2  is considered or not, and whether the deforma-
tion are constrained into the pure G or to G + S mode spaces.
Table 2 Critical loads for the different longitudinal strain term options in 
cFEM
Length 
[mm]
(∂u / ∂x)2
neglected
(∂u / ∂x)2
considered
(∂u / ∂x)2 
neglected
(∂u / ∂x)2 
considered
Mode pure G pure G G+S G+S  
20 27 635 675 198 566 74 604.6 74 350.8  
50 4 421 793 191 348 72 721.9 71 876.0  
100 1 105 430 169 361 68 814.9 66 577.0  
200 276 354 116 030 57 584.3 53 460.1  
500 44 216.5 36 211.0 27 443.7 25 189.4  
1000 11 054.1 10 475.2 9 587.68 9 202.68  
2000 2 763.53 2 725.87 2 661.72 2 628.02  
5000 442.165 441.189 439.475 438.517  
The results in Table 2 clearly show the importance of the 
(∂u / ∂x)2 in case of short members, especially when the analysis 
is constrained into the pure G space. It is to note that the first 
column of Tab. 2 is practically identical to the solution from 
the Euler-formula, while the other columns can be compared to 
analytical solutions from [20] or e.g to cFSM solutions. 
3.3 Demonstration of the effect various second-
order strain terms
The buckling types which are characterized by localized 
out-of-plane plate displacements can all be classified as „local 
buckling”. In the structural engineering practice, however, 
these local buckling types are further categorized, and it is 
common to distinguish local-plate buckling, shear buckling or 
(web) crippling. This categorization is included in the modern 
design standards, too, see e.g. [1,2]. When talking about the 
buckling of a web of a plate girder, „plate buckling” is primar-
ily due to longitudinal normal (compressive) stresses, “shear 
buckling” is due to shear stresses, while „web crippling” is 
due to transverse normal (compressive) stresses. In most of the 
practical situations these stresses appear simultaneously, there-
fore, the local buckling of a web is most probably due to the 
combination of various stress components, i.e., the buckling 
mode is most probably a combination of various local buckling 
types. However, since in the here-summarized derivations the 
effects of various second-order strain terms are separated, the 
various local buckling types can easily be separated. 
cFEM: Fcr = 1307.428 kN (with shear: Fcr = 1263.210 kN)
ANSYS: Fcr = 1255.83 kN
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To demonstrate the effect of various second-order strain 
terms, a lipped-channel beam is analysed. The beam is 600 mm 
long, having the C section with the 40 mm wide flanges. The 
beam is loaded by a transverse force at the middle of the beam, 
acting at the plane of the web in two positions: „top” or „bot-
tom”, depending on whether the transverse force is acting at the 
top or bottom flange. The load is a quasi-concentrated force, 
i.e. it is placed on the beam as a uniformly distributed loading 
with distribution length of 100 mm (so that the resultant would 
be 1 kN). The beam is simply supported at its two ends, just as 
in the previous examples. 
The problem is solved in various options, depending on 
which stress components are considered or disregarded during 
the calculations. According to the local coordinate system of the 
applied shell element, ‘sigx‘ is the longitudinal normal stress, 
‘sigy‘ is the transverse normal stress, while ‘tauxy‘ is the mem-
brane shear stress. The considered options are as follows: ‘sigx‘ 
only, ‘sigy‘ only, ‘tauxy‘ only, and all the possible combinations 
of these three stress components, including ‘all-stress‘ option 
when all the three stress components are considered. 
Some results are presented in Fig. 9, namely: critical force 
values and buckled shapes, all of them being first buckling 
modes, calculated by constraining deformations into the pure 
L space. As the results suggest, various buckling behaviour 
modes can be achieved depending on the considered stress 
components. (More precisely: all the stress components are 
considered in the first-order solution, but the second-order 
effect of a certain stress is considered or disregarded.) 
If the load is acting at the top flange, the middle part of 
the web is in (transverse) compression, and for this geometry 
this transverse compression is the governing effect, result-
ing in a buckling phenomenon typically referred to as ‘web 
crippling‘.When the transverse stresses are considered only 
(‘sigy‘ option), the behaviour is very similar to the ‘all-stress‘. 
However, even if these transverse stresses are not considered, 
buckling is still possible due to either the longitudinal normal 
stresses or to shear stresses. In these latter cases the buckled 
shapes are the ones that are typical for the ‘plate buckling‘ of a 
web in bending, or ‘shear buckling‘ of a web. 
When the transverse force is acting at the bottom flange, 
the middle part of the web is in (transverse) tension, therefore 
crippling of the middle part of the web does not occur. (In the 
‘sigy‘ option there is still buckling solution, but in this case 
web-crippling-like phenomenon takes place at the supports, 
and at a much higher load level.) 
The load position has little effect on the distribution of the 
longitudinal normal stresses and on the shear stresses, that is 
why the buckling patterns and critical values are little affected 
by the load position in the ‘sigx‘ and ‘tauxy‘ options. The ‘all-
stress‘ solution however is greatly dependent on the load posi-
tion: in the ‘top‘ option the ‘all-stress‘ solution is dominantly 
a web crippling, in the ‘bottom‘ position it is a combination of 
shear buckling and plate buckling (of the compressed, upper 
part of the web). 
Fig. 9 Buckling mode samples by considering various stress components
Fcr = 106.702 kN
top, sigx
Fcr = 44.655 kN
top, sigy
Fcr = 105.034 kN
top, tauxy
Fcr = 40.856 kN
top, all-stress
Fcr = 99.335 kN
bottom, sigx
Fcr = 725.879 kN
bottom, sigy
Fcr = 99.974 kN
bottom, tauxy
Fcr = 100.022 kN
bottom, all-stress
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4 Conclusions
In this paper a novel finite element method, the so-called con-
strained (shell) finite element method is discussed. The focus 
of the paper is on the derivation of local elastic and geometric 
stiffness matrices, which derivations are completed so that the 
user can fine-tune the calculations by selecting among multiple 
options. The derivations are briefly summarized, then numeri-
cal examples are provided in comparison (wherever reasonably 
possible) to results from alternative methods. The results justify 
the newly derived stiffness matrices as well as demonstrate the 
effect of various options. The numerical results suggest that it 
might be practically useful to analyse the effect of the stress 
components even within a specific deformation space. Though 
more research is needed in this area, the first results show that, 
for example, classic ‘plate buckling‘, ‘shear buckling‘ or ‘web 
crippling‘ can be separated by considering the second-order 
effect of the longitudinal normal, shear, or transverse normal 
stresses, respectively, if the analysis is constrained into the local 
deformation space (to which all these local-plate buckling phe-
nomena belong in a geometric sense). The examples show that 
the proposed constrained (shell) finite element can beneficially 
be applied for the analysis (e.g. buckling analysis) of thin-
walled members. Without enforcing constraints, the method can 
be used as an arbitrary shell finite element method. With the 
implemented multiple options and with the modal decomposi-
tion feature, however, it allows a better understanding of the 
behaviour, as well as it makes possible to have specific buckling 
solutions in accordance with the needs of the user. 
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